Advanced Quantum Field Theory (2024/2025)
TP 5 - The Gross—Neveu model

The Gross—Neveu model

The Gross-Neveu model! was developed as a toy model for QCD. It exhibits asymptotic freedom and
dynamical symmetry breaking due to quantum effects. It furthermore has a “flavor” parameter N and
allows for an exact treatment in the N — oo limit. We will explore these features in the following exercise.
The Gross—Neveu model is a model of N fermions v;, i = 1,... N in two spacetime dimensions defined

by?
L= i+ 50 () (1)

The two gamma matrices v, y! can be taken as
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Define furthermore the matrix

These matrices satisfy
=2, (A% =0, (°)T=4". (4)
1. Show that this theory is invariant under the Zs symmetry
i =Y. (5)
Note that this symmetry forbids a fermion mass term.

2. Show that this theory is power-counting renormalizable in two dimensions.

3. Show that the Lagrangian (1) can be equivalently written as
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L' = iy — ohinp; — 2527 (6)
where ¢ is a non-dynamical auxiliary field.®> We want to use dimensional regularization later on.

Introduce a dimensionful parameter p such that the coupling constant is dimensionless and 1; has
canonical weight in d dimensions.
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2In this exercise, we will work in (4—) signature.

3In this and related context, this trick is known as a Hubbard-Stratonovich transformation.



4. Consider now the functional integral
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Note that the integral over the fermionic fields is Gaussian. Determine the effective action of o by
integrating over the fermionic fields. You should find

I'lo] = gTrln(ié? —ufo(x)) + N/d%; ( 291N02> . (8)

5. We will be interested in the effective potential of o so that we can restrict to constant o. Evaluate
the determinant for constant ¢ = o( in dimensional regularization. Compute the trace of the
operator by going to momentum space. There will still be a trace over spinor indices left. Evaluate
this to find

d
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Use dimensional regularization to evaluate the integral and use minimal modified subtraction to
renormalize the coupling constant, i.e., absorb the infinite term plus the constant pieces —vyg and
In 47 in the coupling constant. You should find the effective potential
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where p is a scale introduced to make g dimensionless.

6. Compute the minimum of the potential and compare it with the result coming from the classical
potential (6). We find that the field o acquires a vacuum expectation value which breaks the
symmetry.

7. Compute the beta function of the Gross—Neveu model using the fact that the effective potential is
independent of the renormalization scale p. You should find

3
Blg) = —]\;—i. (11)

We therefore conclude that the theory is asymptotically free.

8. Note that the effective potential only depends on the combination A = 2N, often called 't Hooft
coupling. Argue that the limit N — oo with A fixed corresponds to the classical limit & — 0.

Useful formulas

Functional determinant for fermions
/'D’I/JDQZ exp [z / d?x(p(id — m)¢)] = det(i&) — m) . (12)

Matrix logarithm
Trin A =Indet A. (13)

Dimensional regularization of a divergent integral:
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